ABSTRACT. We apply the methods of representation theory of nilpotent Lie groups to study the convergence of Fourier series of smooth global solutions to first order invariant partial differential equations D f = g in Coo of a compact nilmanifold of three or more steps. We investigate which algebraically welldefined conditions on D in the complexified Lie algebra imply that smooth infinite-dimensional irreducible solutions, when they exist, satisfy estimates strong enough to guarantee uniform convergence of the irreducible (or primary) Fourier series to a smooth global solution. This extends and improves the results of an earlier two step paper. 
O. Introduction and preliminaries. Let N be a nilpotent Lie group, f \ N a compact nilmanifold, and D a differential operator, left-invariant on N, and viewed on f \ N. If 9 E COO(f \ N) and if g", is the orthogonal component of gin some irreducible subspace corresponding to the irreducible unitary representation 7f, then g", E COO(f \ N) too [2] . Modulo unitary equivalence, we may think of g", as being a COO-vector in any concrete realization, or model, of 7f. We will determine algebraically well-defined conditions on first order and suitable higher order D under which the global solvability of D I = 9 in Coo (f \ N) is equivalent to the solvability of 7f(D)/", = g", in the Coo-vectors for each 7f in the spectrum of f \ N. In one sense, we will be presenting algebraic conditions on D for the reduction of a global (geometrical) problem on f \ N to a collection of purely group (representation) theoretic problems, none of which needs to be regarded as living on the manifold f \ N. Operators D admitting such a reduction are called globally regular (Definition (0.1)). In effect, we will prove global regularity for suitable operators by showing that if the smooth solutions I", of 7f(D) I", = g", exist for each 7f, then they can be summed uniformly to a smooth global solution of D f = g. (Globally regular operators are usually neither locally solvable nor onto Coo(f \ N)! [12] .) In order to make the necessary estimates on I"" we construct a suitable Schrodinger model of 7f, which, for convenience, is not in the Hilbert space
L2(f \ N).
In this paper, we extend to nilmanifolds of three or more steps (and correct) some of the results for two step nilmanifolds presented in [7] .
In order to describe the main results, it will be helpful to review the classical situation on a torus T2 of two dimensions (the situation being similar for Tn with n> 2). Let D = ex8/8x + (38/8y and suppose, for simplicity, that ex and (3 are real. Let 91 denote a finite-dimensional real nilpotent Lie algebra, and N = exp 91 the corresponding Lie group. Then Malcev proved there exists a discrete subgroup r c N which is cocompact, meaning that the nilmanifold r \ N is a compact homogeneous space, of cosets of the form rn, if and only if 91 has rational structure constants with respect to some suitable basis. Such a r is never normal when N is nonabelian. If r exists, the rational basis of 91 can be selected from log r. If r \ N is a compact nilmanifold, a subspace V c 91, is called rational if and only if it is spanned by vectors which are finite linear combinations with rational coefficients of elements of a rational basis of 91. A subgroup MeN is called rational if and only if 9.J1 = log M is a rational subspace of 91, and this is equivalent to r n M \ M being compact [13] .
If r \ N is a compact nilmanifold and M is a normal rational subgroup of N, then Malcev proved the existence of one-parameter coordinate subgroups d1 (t), ... , dk (t), where k = dim(M \ N), with the following properties. If Nk = M ~ dk(R), a semi direct product with M normal, and if Ni = NiH ~ di(R), then Nl = N. Also, di(n) E r for each nEZ, the integers [13] .
Let N denote the space of equivalence classes of all irreducible unitary representations on N. Then Kirillov proved that the elements of N are in one-to-one correspondence with the so-called Kirillov for all mE M, n E N, and iii E L2(M \ N)}, and 7r A (n) acts by right translation on this space.
The following definition, theorem, and proof are contained in [18, §3] . They are included here since we will refer later to certain details of the proof. DEFINITION can all be taken to be rational.
PROOF. Let 3(21)
, where 21 is an algebra, denote the center of 21, whereas 3(Y), where Y is a vector, denotes the centralizer of Y. If 91/ ker(AI3(91)) has I-dimensional center, then we let 2111 = ker(AI3(91)). Otherwise, we factor out ker(AI3(91/ker(AI3(91)))), etc., until we obtain an ideal 2111 c 911 = 91 such that 911/2111 has I-dimensional center, on which A is nontrivial. The existence of 2111 is guaranteed by the fact that A of. 0, and because dim(91) < 00. If A is rational, so is 2111. By Kirillov's structure theorem [12] Yj) , then the dimension of a maximal subordinate subalgebra is always the dimension of the algebra minus ~ rank(BA ), and it is also always the dimension of the algebra minus ~ the dimension of the coadjoint orbit. The maximality of 9J1A in 91k implies the maximality of 9J1A in 91k, since ad* 211k does not enlarge the orbit. But now 9J1A is maximal in 91k-1 also, since the dimension of the algebra is increased by 1 and the rank of B A is increased by 2. Hence, by induction, we conclude that 9J1A is a special maximal subordinate subalgebra for A. This proves Theorem o.
We will denote by (f\Nrthe subspace of N occurring in the discrete direct sum decomposition of L2(f \ N). By the combined results of C. C. Moore [15] [13] .) The multiplicity m(7r) with which 7r occurs in the 7r-primary summand)l71: C L2(f\N) is known explicitly, but here we need only the fact that m(7r) < 00 [18] . Now let f \ N be a compact nilmanifold and let 9 E COO(f \ N). Let go denote the sum of all the 1-dimensional primary components of g, so that go really lives on the torus fiN, N] \ N. (On this torus, the phenomenon of small divisors is inescapable, but none of the nonabelian structure of N is present here.) Let 7r E (f\ N)~ be infinite dimensional, and let ).I7r = H7r ,1 ffi· .. ffiH7r,m(7r) be an irreducible decomposition of the 7r-primary subspace of L2(f \ N). We write g7r = g7r,l + ... + 
Note that the function g7r,q E H7r ,q can just as well be regarded as a Coo-vector 97r,q in any realization of the irreducible representation 7r. It follows from the definition of global regularity that suitable compositions of finitely many globally regular operators are again globally regular. algebraic, rational) vectors relative to log f such that every rational subspace V of 91j +l of co dimension 1 in 91j +l can be complemented to 91j +l by some zt, Now we are ready to summarize the new results in this paper. In Theorem 1 ( §1) we prove that every real field with the (non-Liouville or rational) supplementation property (Definition (0.2)) is globally regular on every compact nilmanifold. This confirms an informal conjecture made by Roger Howe. In Theorem 2 ( §1) we show that if X is a non-Liouville vector field in the next to the last step of the lower central series of '.)1, then D = X is globally regular. The hypothesis that X be non-Liouville cannot be relaxed as Example 1 shows. Example 2 illustrates some of the obstructions that one encounters in dealing with an arbitrary non-Liouville vector field X. All the other theorems, in § §2-4, deal with complex vector fields
we prove that D is globally regular if X and Y commute and have property (Pk ), k = 1, ... ,n (see (2.6)), which is a stronger hypothesis than the requirement that both X and Y have (non-Liouville) supplementation. Example 4 of §2 explains that such a stronger requirement is in fact needed. Theorem 2c ( §2) states that D is globally regular if both X and Yare non-Liouville vectors and are in the next to the last step of the lower central series of a metabelian algebra '.)1. 
As for the methods of proofs we use throughout the paper, roughly speaking, the idea is this. "X having the supplementation property" implies 7fA(X) = a/ax . Using appropriate integral estimates adapted from [7] we can show global regularity of D.
We are happy to thank 1. Corwin, F. Greenleaf, R. Fabec and 1. Baggett for their helpful suggestions and comments on the subject of this paper. F. Greenleaf, in particular, found a substantial error in an earlier version.
1.
Real fields on n-step nilmanifolds.
THEOREM 1. Let N be any I-connected nilpotent Lie group possessing a co-
compact discrete subgroup r [13] . If X E !)1 has the non-Liouville (or rationa~ supplementation property (relative to r), then D = X is globally regular on r \ N.
PROOF. Let 7r E (r \ N)---; the set of irreducible unitary representations of N
in the spectrum of r \ N. The proof is accomplished by establishing inductively that, independent of global solvability questions, 7r(D) satisfies certain Sobolevtype estimates for every infinite-dimensional 7r E (r \ N)---; in a suitable concrete model of 7r. It is the formula for the estimates that is treated inductively, not the global regularity. Let A be any member of the Kirillov orbit of 7r which is rational on log r and integral on the center [13] . (The theorem is already known for 2-step groups-Case I of Theorem (3.5) of [7] .) If A were trivial on the center 3, then we could factor 3 out-it is easy to see that 7r(D) would not be affected by such a factoring process. So we can assume without loss of generality that A is nontrivial on 3n!)1k. Let Zl, ... , Zm be the set of non-Liouville vectors in adx !)1k-1 described 
where ~ denotes the dual variable of t. is the unique Schwartz solution of (1.2), where the (n -i)-tuple SA denotes the coordinates of the second kind with respect to X i +1 , ... ,Xn .
Next, observe that since h,q E S(Rn+l-i) it must be that fJA,q(SA, 0) = 0, and by Taylor's formula (1.4) Ih,q(SA' 01 = I~ (:~) fJA(SA, ~o)IICll = l~fJA,q(SA' ~o)IIA.)I-l for some ~o between 0 and ~. To estimate the L2(f \ N) norm of /A,q or, which is the same, the L2(Rn+l-i) norm 11·11 of fA,q we notice that by (1.4) Ili>.,qI12 ~ 4Aj 2(IIYJ9A,qI12 + Aj21IY/gA,qI12) + 119A,qI12. 
If (adD)3U = 0, then we substitute h,q = 9A,q/PA and obtain
Proceeding inductively, we see that, if m:2: 1 is such that (adD)rnU = 0, then The hypothesis of Theorem 1 (and also that of Theorem 1') that X has the non-Liouville supplementation property can be replaced by a number theoretic condition, as illustrated by Example 2. The example also shows what obstructions one encounters in attempting to prove a general theorem of this sort. EXAMPLE 2. Let the Lie algebra 91n be spanned by the vectors X, Y1 ,··., Yn -1 , Z, where Z is central. Let the only nontrivial bracket products be generated by 
with x± = -(3 ± ((32 -21-2c/a) 
where x± = -/3 ± i(Pn/ qn -/3 2 + 2,) 1/2, and the sup is taken over all x E R. As in 2. n-step nilmanifolds-complex fields. We can "complexify" Theorem 2 as follows. Suppose D = Y1 + iY2 with Yt, Y2 E I)1k-t, both non-Liouville vectors. 
Then IPA(X,VW::::: CA)(X 2 +v 2 ), for all real x and v.
In order to obtain L2-estimates on lA, the unique Schwartz solution of 7rA(D)iA = !lA, we proceed as in the proof of Theorem 1, with small modifications. First, Applying this inequality to hA equal subsequently to X]9A, V)9A, and [X)VJi"i\9A' Of course Xj and Vj may commute even if 1)1 is not metabelian. EXAMPLE 1. Let 1)1 be the nilpotent Lie algebra of strictly upper triangular n x n real matrices, n ;:::: 4. Then 1)1 is of step n -1 and the next to the last stage of 1)1 is spanned by the two vectors El,n-l and E 2 ,n (Ekl denotes the matrix which has 1 on the crossing of kth row with lth column and zeros otherwise) and the one-dimensional center by Enn. D = El,n-l + iE2,n is globally regular on any nilmanifold r \ exp 1)1 such that El,n-l, E 2 ,n are non-Liouville with respect to the r rational basis. The (commuting) external vectors Xl and VI can be chosen to be -En-l,n and E l ,2 respectively. This covers (infinite-dimensional 'iT corresponding to) A in general position:
A(Eln ) #-O. However there are also exceptional orbits with dim 'iT = 00. For these, A(Eln ) = 0 and passage to the quotient puts El,n-l and E 2 ,n in the center of 1)1, and so the required Sobolev estimates for such A are easier, and do not require a choice of V;.
We will now quote two examples of 3-step nilpotent metabelian groups which will also be useful to illustrate our next theorems. We end this section with the example showing that the assumption that both X and V have the supplementation property is not sufficient for global regularity of 
which, after applying the Fourier transform, becomes
As in Example 1 of § 1 we can show that D is not globally regular on r \ N. [X, Y] = O. In this section we will prove the following "complex combination" of Theorems 1 and 2. As we needed Property (Pk ) in Theorem Ie and !)1 to be metabelian in Theorem 2e, here we also need some additional commutation properties of !)1. Since the proof of Theorem 3 for some A E (r \ N)~ requires the estimates on step 2 quot.ient groups of N, we will state and prove its stronger step 2 version first. PROOF OF THEOREM 3'. Let A E (r\N)~and let Zl,"" Zn be a rational basis of 3. We reduce !)1 to an algebra !)1 with I-dimensional center 3 spanned by Zj, say. We may assume Y 1--3, otherwise we would have applied the estimates from the proof of Theorem I' which are unaffected by the passage from !)1 to !)1. (It is in using Theorem I' that we need Y non-Liouville.) There exists Xj E !)1 such that [Xj, Y] = Zj. We choose Xj to be the first external vector in our construction of the Schrodinger model for ' lTA with a special maximal subordinate to A subalgebra !)]t. Clearly X E 3(Y). Two cases are now possible.
3-step nilmanifolds,
We use the same estimates as we used in (2.1).
Cas~II. X¢: . 3(3(Y)-) . W~choose ~ to be the second external vector. There
Taking the Euclidean partial Fourier transform ~ with respect to the x variable, we get
As in (2. Now we apply the argument of §2 stated after (2.3) with 818v = 7rA(Xj ) and
PROOF OF THEOREM 3. Let Z1, ... ,Zm be the set of non-Liouville vectors in ')12 described in Definition (0.2) and let A E (f\N)be such that A( Zj) =1= 0 for some 1 ::; j ::; m. (Otherwise we would have applied Theorem 3'.) We may assume that Y is not in the center of ')1. (Otherwise we would use the estimates from the proof of Theorem 1', which are unaffected by the passage from ')1 to ')1.) Hence there exists Xj in ')1 ~ [')1, ')1] that brackets Y onto Zj. We choose X J (any preimage of Xj in ')1) in ker(adi) to be the first external vector in our construction of a special 9JlA. Now X E 3(Y). By the non-Liouville supplementation property of X, there However, by applying Ad* exptXj , we can make A(Y) = 0, and since X E 3(Y), we will not disturb this arrangement if we use Ad * exp t' X to make A(Y2 ) = 0 too. Also, A remains rational on the center. Thus we have
(Here we use the fact that 9JlA can be taken both to be special and to contain [')1, ')1] simultaneously.) Taking the Euclidean partial Fourier transform with respect to the x-variable we obtain
acts on L 2 (R 1 + 2 ) as a multiplication by a polynomial PAj (SA, ~,v) .
Letting we get We get the L2(Rl+2) estimates on fA in essentially the same manner as in (2.3) of §2, the only difference being that in (2.4), before taking the sup, instead of Mj of (1.1') we use (1.1) and we write the multiplication by A as an action of 
We were unable to get satisfactory estimates when the "xv" -term is present; nor were we able to provide a simpler than the described above parametrization of a 3-step 91. Since ker(AI3) is a rational subspace containing Z, it follows that W C ker(AI3). Since W C 3, W is also a (rational) ideal of 91. Notice that in case of 3 being 1 dimensional, N /W is of step 2 and we apply Theorem 3', while in case of dim W < 
where C(SA) is a constant depending on SA, is the general solution of 7rA(D)iA = gAo We will break the proof now into two parts, I and II, depending on whether A is positive or negative.
PART I (A > 0). We are interested in the solutions iA of the form (4.1) which are in the Schwartz space S(R d ). This, in particular, means that limx--->±oo iA(SA,X) = 0, which implies
That is,
= r ....
1-00
As a rule, we will work with the first integral if x ~ 0 and with the second one if INDUCTION ON k) . For k = 1 this is just the p = ° case of the proof of Step 1. All we need to check now is that X(Yp i r fA) is again of the form (4.9), but this is just Step 1 applied to i r fA.
Step 3. 5. Examples and further developments. In [7] we gave an example, based on a suggestion by Corwin (cf. [4] ), to show how global regularity could fail in a 3-step group for D = X + iY, where X and Y generate the 3-step chain group. If the Kirillov orbits had been flat, then that parameter, summation over which yields the counterexample, would have been eliminated. In our next example, we show however that flattening the Kirillov orbits, by the addition of 1 to the dimension of the group [20] does not correct this analytic failure. (This should be compared also with Example 2 in §1.) Thus the fact that all 2-step groups have flat orbits does not seem to be relevant to the problem of global regularity. [V, Xl = Z. Thus 'J1 is of step 3 with flat Kirillov orbits and I-dimensional center [20] . W and X generate a step 3 sub algebra of 'J1. Let N = exp 'J1. There is a series of representations 7r A EN, )., E R ~ {O}, realized on L 2 (R 2 ) in such a way that 
